Abstract. We review recent progress in the computation of correlation functions of the XXZ spin-1/2 chain. We describe both finite and infinite chain results. Long distance asymptotic behavior is discussed. Our method is based on the resolution of the quantum inverse scattering problem in the framework of the algebraic Bethe ansatz.
Introduction
The main challenging problem in the theory of quantum integrable models [1] , [2] , [3] , [4] , [5] , [6] besides computing their spectrum is to obtain exact and manageable representations for their correlation functions. This issue is of great importance not only from theoretical and mathematical view points but also for applications to relevant physical situations. Although several important advances have been obtained over the years, we are still looking for a general method that could give a systematic solution to this problem. The purpose of this article is to give a review of an approach to this problem elaborated in [7] , [8] , [9] , [10] and in [11] , [12] , [13] , [14] , together with a brief account of the more recent progress obtained in [15] , [16] , [17] , [18] , [19] .
In our search for a general method to compute correlation functions of quantum integrable models our strategy was to consider a simple but representative model where it is possible to develop new tools to solve this problem. Such an archetype of quantum integrable lattice models is provided by the XXZ spin-1 2 Heisenberg [20] chain in a magnetic field. Indeed, Heisenberg spin chains play a prominent role in the theory of quantum integrable models: they were the first models for which Bethe ansatz [21] , [22] , [23] , [24] , [25] was invented and successfully applied to compute their spectrum. This method has been later used and generalized to solve a large variety of integrable models ranging from statistical mechanics to quantum field theories (see [1] , [2] , [3] , [4] , [5] ).
The XXZ spin-1 2 Heisenberg chain in a magnetic field is a quantum interacting model defined on a one-dimensional lattice with Hamiltonian 
Here is the anisotropy parameter, h denotes the magnetic field, and σ x,y,z m are the local spin operators (in the spin- act as the corresponding Pauli matrices in the space H m and as the identity operator elsewhere. For simplicity, the length of the chain M is chosen to be even and we assume periodic boundary conditions. Since the simultaneous reversal of all spins is equivalent to a change of sign of the magnetic field, it is enough to consider the case h ≥ 0.
The first task to solve such a model is to describe the spectrum of its Hamiltonian (1) . The method to compute eigenvectors and associated energy levels of the Heisenberg spin chains goes back to H. Bethe in 1931 [21] , [22] , [23] , [25] and is known as the Bethe ansatz. An algebraic version of it has been invented in the late 70s by Faddeev, Sklyanin and Taktajan [26] , [27] .
The second problem is to compute matrix elements of spin operators σ x,y,z m between two eigenvectors of H and then all correlation functions of spin operators: at zero temperature they reduce to the average value of products of spin operators in the lowest energy level state (the ground state). Let us denote by | ψ g the normalized ground state vector. Let E m , m m be the elementary operators acting at site m as the 2×2 matrices E , lk = δ l, δ k, . Any n-point correlation function can be reconstructed as a sum of the following elementary blocks:
The knowledge of such correlation functions was for a long time restricted to the free fermion point = 0, a case for which nevertheless tremendous works have been necessary to obtain full answers [28] , [29] , [30] , [31] , [32] , [33] . For generic , in the thermodynamic limit, at zero temperature, and for zero magnetic field, multiple integral representation of the above elementary blocks of the correlation functions have been obtained from the q-vertex operator approach (also using corner transfer matrix technique) in the massive regime ≥ 1 in 1992 [34] and conjectured in 1996 [35] for the massless regime −1 ≤ ≤ 1 (see also [6] ).
These results together with their extension to non-zero magnetic field have been obtained in 1999 [8] , [9] using the algebraic Bethe ansatz framework [26] , [27] , [4] and the actual resolution of the so-called quantum inverse scattering problem [8] , [10] . This method allows for the computation of the matrix elements of the local spin operators and the above elementary blocks of the correlation functions for the finite chain. Hence, thermodynamic limit can be considered separately. Moreover, time or temperature dependent correlation functions can also be computed [15] , [16] , [36] using such techniques. Let us mention also recent advances using q-KZ equations [37] , [38] .
This article is meant to be a rather brief review of the problem of correlation functions. More detailed account of the results sketched here together with their proofs can be found in the original articles [7] , [8] , [9] , [10] , [11] , [12] , [13] , [14] , [15] , [16] , [17] and in [18] , [19] . This article is organized as follows. The space of states of the Heisenberg spin chain will be described in the next section. It includes a brief introduction to the algebraic Bethe ansatz and to various tools of importance in the computation of correlation functions, like in particular the solution of the quantum inverse scattering problem and the determinant representations of the scalar products of states. Section 3 is devoted to the correlation functions of the finite chain. Correlation functions in the thermodynamic limit are studied in Section 4. In Section 5 we describe several exact and asymptotic results together with some open problems. Conclusions and some perspectives are given in the last section.
The space of states: algebraic Bethe ansatz
The space of states is of dimension 2 M . As can be observed from the definition of the Hamiltonian in (1), the construction of its eigenvectors is rather non trivial. The purpose of this section is to briefly explain the basics of the knowledge of the space of states in the framework of the algebraic Bethe ansatz, leading in particular to the determination of the spectrum of (1).
Algebraic Bethe ansatz.
The algebraic Bethe ansatz originated from the fusion of the original (coordinate) Bethe ansatz and of the inverse scattering method in its Hamiltonian formulation [26] , [27] , [4] . At the root of the algebraic Bethe ansatz method is the construction of the quantum monodromy matrix. In the case of the XXZ chain (1) the monodromy matrix is a 2 × 2 matrix,
with operator-valued entries A, B, C and D which depend on a complex parameter λ (spectral parameter) and act in the quantum space of states H of the chain. One of the main property of these operators is that the trace of T , namely A + D, commutes with the Hamiltonian H , while operators B and C can be used as creation operators of respectively eigenvectors and dual eigenvectors of A + D and hence of H itself. The monodromy matrix is defined as the following ordered product:
where L n (λ) denotes the quantum L-operator at the site n of the chain,
The parameter η is related to the anisotropy parameter as = cosh η. It follows from this definition that the monodromy matrix is an highly non local operator in terms of the local spin operators σ x,y,z n . However, the commutation relations between the operators A, B, C, D can be computed in a simple way. They are given by the quantum R-matrix
where
The R-matrix is a linear operator in the tensor product V 1 ⊗ V 2 , where each V i is isomorphic to C 2 , and depends generically on two spectral parameters λ 1 and λ 2 associated to these two vector spaces. It is denoted by R 12 (λ 1 , λ 2 ). Such an R-matrix satisfies the Yang-Baxter equation,
It gives the following commutation relations among the operators entries of the monodromy matrix:
with the tensor notations
These commutation relations imply in particular that the transfer matrices, defined as 
Therefore, the spectrum of the Hamiltonian (1) is given by the common eigenvectors of the transfer matrices and of S z . For technical reasons, it is actually convenient to introduce a slightly more general object, the twisted transfer matrix
where κ is a complex parameter. The particular case of T κ (λ) at κ = 1 corresponds to the usual (untwisted) transfer matrix T (λ). It will be also convenient to consider an inhomogeneous version of the XXZ chain for which
Here, ξ 1 , . . . , ξ M are complex parameters (inhomogeneity parameters) attached to each site of the lattice. The homogeneous model (1) corresponds to the case where
In the framework of algebraic Bethe ansatz, an arbitrary quantum state can be obtained from the vectors generated by multiple action of operators B(λ) on the reference vector | 0 with all spins up (respectively by multiple action of operators C(λ) on the dual reference vector 0 |), 
Here, the function Y κ is defined as
and a(λ), d(λ) are the eigenvalues of the operators A(λ) and D(λ) on the reference state | 0 . In the normalization (7) and for the inhomogeneous model (15) we have
The corresponding eigenvalue of
The solutions of the system of twisted Bethe equations (17) have been analyzed in [39] . In general, not all of these solutions correspond to eigenvectors of T κ (μ). Definition 2.1. A solution {λ} of the system (17) is called admissible if
and un-admissible otherwise. A solution is called off-diagonal if the corresponding parameters λ 1 , . . . , λ N are pairwise distinct, and diagonal otherwise.
One of the main result of [39] is that, for generic parameters κ and {ξ }, the set of the eigenvectors corresponding to the admissible off-diagonal solutions of the system of twisted Bethe equations (17) form a basis in the subspace H (M/2−N) . It has been proven in [16] that this result is still valid in the homogeneous case ξ j = η/2, j = 1, . . . , N, at least if κ is in a punctured vicinity of the origin (i.e. 0 < |κ| < κ 0 for κ 0 small enough). Note however that, for specific values of κ and {ξ }, the basis of the eigenvectors in H (M/2−N) may include some states corresponding to un-admissible solutions of (17) (in particular in the homogeneous limit at κ = 1).
At κ = 1, it follows from the trace identity (13) that the eigenvectors of the transfer matrix coincide, in the homogeneous limit, with the ones of the Hamiltonian (1). The corresponding eigenvalues in the case of zero magnetic field can be obtained from (13), (20) :
where the (bare) one-particle energy E(λ) is equal to
Drinfel'd twist and F -basis.
As already noted, the operators A, B, C, D are highly non local in terms of local spin operators. There exists however an interesting description of these operators by means of a change of basis of the space of states.
In particular, this basis will provide a direct access to the scalar products of states. The root of this new basis is provided by the notion of Drinfel'd twist [40] associated to the R-matrix of the XXZ chain. It leads to the notion of factorizing F -matrices. To be essentially self-contained we briefly recall here their main properties and refer to [7] for more details and proofs.
Definition 2.2.
For inhomogeneity parameters ξ j in generic positions and for any integer n one can associate to any element σ of the symmetric group S n on n elements a unique R-matrix R σ 1...n (ξ 1 , . . . , ξ n ), denoted for simplicity R σ 1...n , constructed as an ordered product (depending on σ ) of the elementary R-matrices R ij (ξ i , ξ j ).
We have the following property for an arbitrary integer n. Proposition 2.1.
We can now define the notion of a factorizing F -matrix: Definition 2.3. A factorizing F -matrix associated to a given elementary R-matrix is an invertible matrix F 1...n (ξ 1 , . . . , ξ n ), defined for an arbitrary integer n, satisfying the following relation for any element σ of S n :
In other words, such an F -matrix factorizes the corresponding R-matrix for arbitrary integers n. Taking into account the fact that the parameters ξ n are in one to one correspondence with the vector spaces H n , we can adopt simplified notations such that
Theorem 2.1 ([7]). For the XXZ model with inhomogeneity parameters ξ n in generic positions there exists a factorizing, triangular F -matrix. It is constructed explicitly from the R-matrix.
This matrix has two important properties:
Proposition 2.2 ([7]
). In the F -basis, the monodromy matrix T ,
is totally symmetric under any simultaneous permutations of the lattice sites i and of the corresponding inhomogeneity parameters ξ i .
The second property gives the explicit expressions of the monodromy matrix in the F -basis. For the XXZ-1 2 model, the quantum monodromy operator is a 2 × 2 matrix with entries A, B, C, D which are obtained as sums of 2 M−1 operators, which themselves are products of M local spin operators on the quantum chain. As an example, the B operator is given as
where the matrices i , ij k , are diagonal operators acting respectively on all sites but i, on all sites but i, j , k, and the higher order terms involve more and more exchange spin terms like σ
It means that the B operator returns one spin somewhere on the chain, this operation being however dressed non-locally and with non-diagonal operators by multiple exchange terms of the type σ
So, whereas these formulas in the original basis are quite involved, their expressions in the F -basis simplify drastically:
Proposition 2.3 ([7]). The operators D, B and C in the F -basis are given by the formulas
and the operator A can be obtained from quantum determinant relations.
We wish first to stress that while the operators A, B, C, D satisfy the same quadratic commutation relations as A, B, C, D, they are completely symmetric under simultaneous exchange of the inhomogeneity parameters and of the spaces H n . It really means that the factorizing F -matrices we have constructed solve the combinatorial problem induced by the non-trivial action of the permutation group S M given by the R-matrix. In the F -basis the action of the permutation group on the operators A, B, C, D is trivial.
Further, it can be shown that the pseudo-vacuum vector is left invariant, namely, it is an eigenvector of the total F -matrix with eigenvalue 1; in particular, the algebraic Bethe ansatz can be carried out also in the F -basis. Hence, a direct computation of Bethe eigenvectors and of their scalar products in this F -basis is made possible, while it was a priori very involved in the original basis. There, only commutation relations between the operators A, B, C, D can be used, leading (see [5] ) to very intricate sums over partitions. , acting in a local quantum space H j at site j , can be expressed in terms of the entries of the monodromy matrix. This is the so-called quantum inverse scattering problem. The solution to this problem was found in [8] , [10] :
The proof of this theorem is elementary (see [8] , [10] ) and hence it can be obtained for a large class of lattice integrable models. It relies essentially on the property that the R-matrix R(λ, μ) reduces to the permutation operator for λ = μ. An immediate consequence of this theorem is that the operators A, B, C, and D generate the space of all operators acting in H.
Scalar products.
We give here the expressions for the scalar product of an eigenvector of the twisted transfer matrix with any arbitrary state of the form (16) . These scalar products can be expressed as determinant of rather simple matrices. The root of all these determinants is in fact the determinant representation for the partition function of the 6-vertex model with domain wall boundary conditions [41] . Let us first define, for arbitrary positive integers n, n (n ≤ n ) and arbitrary sets of variables λ 1 , . . . , λ n , μ 1 , . . . , μ n and ν 1 , . . . , ν n such that {λ} ⊂ {ν}, the n×n matrix
Proposition 2.4 ([42] , [8] , [15] 
These equations are valid for any arbitrary complex parameter κ, in particular at κ = 1. In this case we may omit the subscript κ and denote κ=1 . If the sets {λ} and {μ} are different, the eigenvector | ψ κ ({λ}) is orthogonal to the dual eigenvector ψ κ ({μ}) |. Otherwise we obtain a formula for the norm of the corresponding vector [43] , [44] , [8] , [5] ). They can be written in the following form:
Action of operators
The action of the operator B(λ) can be obtained similarly, (38) and the action of C is obvious.
Correlation functions: finite chain
To compute correlation functions of some product of local operators, the following successive problems have to be addressed: (i) determination of the ground state ψ g |, (ii) evaluation of the action of the product of the local operators on it, and (iii) computation of the scalar product of the resulting state with | ψ g . Using the solution of the quantum inverse scattering problem together with the explicit determinant formulas for the scalar products and the norm of the Bethe state, one sees that matrix elements of local spin operators and correlation functions can be expressed as (multiple) sums of determinants [9] . It should be stressed that this result is purely algebraic and is valid for finite chains of arbitrary length M.
Matrix elements of local operators.
We begin with the calculation of the onepoint functions. These results follow directly from the solution of the quantum inverse scattering problem, the above action of operators A, B, C and D, and the determinant representation of the scalar products. We consider
and
where {λ k } n and {μ j } n+1 are solutions of Bethe equations. 
and the (N + 1)
for b < N + 1, and
For the matrix element
The matrix elements of the operator σ z m between two Bethe states have been obtained similarly [8] .
Elementary blocks of correlation functions.
In this section we consider a more general case of correlation functions: the ground state mean value of any product of the local elementary 2 × 2 matrices E , lk = δ l, δ k, :
An arbitrary n-point correlation function can be obtained as a sum of such mean values. Using the solution of the quantum inverse scattering problem, we reduce this problem to the computation of the ground state mean value of an arbitrary ordered product of monodromy matrix elements,
To calculate these mean values we first describe generically the product of the monodromy matrix elements. For that purpose, one should consider the two following sets of indices, α + = {j : 1 ≤ j ≤ m, j = 1}, card(α + ) = s , max j ∈α + (j ) ≡ j max , min j ∈α + (j ) ≡ j min , and similarly α − = {j :
The intersection of these two sets is not empty and corresponds to the operators B(ξ j ). Consider now the action, 0
, applying one by one the formulae (36)- (38) . For all the indices j from the sets α + and α − one obtains a summation on the corresponding indices a j (for j ∈ α + , corresponding to the action of the operators A(λ) or B(λ)) or a j (for j ∈ α − , corresponding to the action of the operators D(λ) or B(λ)). As the product of the monodromy matrix elements is ordered these summations are also ordered and the corresponding indices should be taken from the following sets:
The summation is taken over the indices a j for j ∈ α − and a j for j ∈ α + such that 1 ≤ a j ≤ N + j , a j ∈ A j , 1 ≤ a j ≤ N + j, a j ∈ A j . The functions G {a j ,a j } (λ 1 , . . . λ N +m ) can then be easily obtained from the formulae (36)-(38) taking into acount that λ a = ξ a−N for a > N:
Now to calculate the normalized mean value (47) we apply the determinant representation for the scalar product. It should be mentioned that the number of operators C(λ) has to be equal to the number of the operators B(λ), as otherwise the mean value is zero, and hence the total number of elements in the sets α + and α − is s + s = m. Taking into account that in (47) 
the sum being taken on the same set of indices a j , a j as in (48) . The functions H {a j ,a j } ({λ}) can be obtained using (49) and the determinant representations for the scalar products. . Then, according to the solution of the inverse scattering problem (31), we need to calculate the expectation value
Since | ψ({λ}) is an eigenvector, the action of Let κ, x 1 , . . . , x m and μ 1 , . . . , μ N One of the simplest applications concerns the generating function of the twopoint correlation function of the third components of spin, which is defined as the normalized expectation value Q κ l,m of the operator 
Due to the translational invariance of the correlation functions in the homogeneous model, we will simply consider the expectation value Q κ 1,m . For any given eigenvector, we obtain the following result: N ({λ}, {λ}|{λ}) .
The integration contours are such that the only singularities of the integrand which contribute to the integral are the points ξ 1 , . . . , ξ m and λ 1 . . . , λ N .
From this result we can extract a compact representation for the two-point function of σ z [15] . Similar expressions exists for other correlation functions of the spin operators, and in particular for the time dependent case [15] , [16] . Moreover, this multiple contour integral representation permits to relate two very different ways to compute two point correlation functions of the type, g 12 = ω|θ 1 θ 2 |ω , namely, (i) to compute the action of local operators on the ground state θ 1 θ 2 |ω = |ω and then to calculate the resulting scalar product g 12 = ω|ω as was explained in the previous sections;
(ii) to insert a sum over a complete set of states |ω i (for instance, a complete set of eigenvectors of the Hamiltonian) between the local operators θ 1 and θ 2 and to obtain the representation for the correlation function as a sum over matrix elements of local operators,
In fact the above representation as multiple contour integrals contains both expansions. Indeed there are two ways to evaluate the corresponding integrals: either to compute the residues in the poles inside , or to compute the residues in the poles within strips of the width iπ outside .
The first way leads to a representation of the correlation function σ z 1 σ z m+1 in terms of the previously obtained [11] m-multiple sums. Evaluation of the above contour integral in terms of the poles outside the contour gives us the expansion (ii) of the correlation function (i.e. an expansion in terms of matrix elements of σ z between the ground state and all excited states). This relation holds also for the time dependent case [15] , [16] .
Correlation functions: infinite chain
In the thermodynamic limit M → ∞ and at zero magnetic field, the model exhibits three different regimes depending on the value of [1] . For < −1, the model is ferromagnetic, for −1 < < 1 the model has a non degenerated anti ferromagnetic ground state, and no gap in the spectrum (massless regime), while for > 1 the ground state is twice degenerated with a gap in the spectrum (massive regime). In both cases, the ground state has spin zero. Hence the number of parameters λ in the ground state vectors is equal to half the size M of the chain. For M → ∞, these parameters will be distributed in some continuous interval according to a density function ρ.
4.1. The thermodynamic limit. In this limit, the Bethe equations for the ground state, written in their logarithmic form, become a linear integral equation for the density distribution of these λ's,
where the new real variables α are defined in terms of general spectral parameters λ differently in the two domains. From now on, we only describe the massless regime (see [9] for the other case) −1 < < 1 where α = λ. The density ρ is defined as the limit of the quantity 
, where β k = ξ k . The integration limit is equal to +∞ for −1 < < 1. The solution for the equation (57) in the homogeneous model where all parameters ξ k are equal to η/2, that is the density for the ground state of the Hamiltonian in the thermodynamic limit, is given by the following function [24] :
For technical convenience, we will also use the function
It will be also convenient to consider, without any loss of generality, that the inhomogeneity parameters are contained in the region −ζ < Imβ j < 0. Using these results, for any C ∞ function f (π -periodic in the domain > 1), sums over all the values of f at the point α j , 1 ≤ j ≤ N, parameterizing the ground state, can be replaced in the thermodynamic limit by an integral:
Thus, multiple sums obtained in correlation functions will become multiple integrals. Similarly, it is possible to evaluate the behavior of the determinant formulas for the scalar products and the norm of Bethe vectors (and in particular their ratios) in the limit M → ∞.
Elementary blocks.
From the representations as multiple sums of these elementary blocks in the finite chain we can obtain their multiple integral representations in the thermodynamic limit. Let us now consider separately the two regimes of the XXZ model. In the massless regime η = −iζ is imaginary, the ground state parameters λ are real and the limit of integration is infinity = ∞. In this case we consider the inhomogeneity parameters ξ j such that 0 > Im(ξ j ) > −ζ . For the correlation functions in the thermodynamic limit one obtains the following result in this regime.
Proposition 4.1.
where the parameters of integration are ordered in the following way:
The homogeneous limit (ξ j = −iζ /2, for all j ) of the correlation function F m ({ j , j }) can then be taken in an obvious way. We have obtained similar representations for the massive regime, and also in the presence of a non-zero magnetic field [9] . For zero magnetic field, these results agree exactly with the ones obtained by Jimbo and Miwa in [35] , using in particular q-KZ equations. It means that for zero magnetic field, the elementary blocks of correlation functions indeed satisfy q-KZ equations. Recently, more algebraic representations of solutions of the q-KZ equations have been obtained that correspond to the above correlation functions [37] , [38] . From the finite chain representation for the two-point function it is also possible to obtain multiple integral representations for that case as well, in particular for their generating function [11] , [13] . They correspond different huge re-summations and symmetrization of the corresponding elementary blocks, as in the finite chain situation [11] . Moreover, the case of time dependent correlation functions as also been obtained [15] , [16] . Finally, let us note that at the free fermion point, all the results presented here lead, in a very elementary way, to already know results [12] , [17] , [19] .
Exact and asymptotic results
5.1. Exact results at = 1/2. Up to now, two exact results have been obtained for the case of anisotropy = 1/2: the exact value of the emptiness formation probability for arbitrary distance m [13] and the two point function of the third component of spin [18] . These two results follow from the above multiple integral representations for which, due to the determinant structure of the integrand, the corresponding multiple integrals can be separated and hence explicitly computed for this special value of the anisotropy.
5.1.1. The emptiness formation probability. This correlation function τ (m) (the probability to find in the ground state a ferromagnetic string of length m) is defined as the following expectation value:
where |ψ g denotes the normalized ground state. In the thermodynamic limit (M → ∞), this quantity can be expressed as a multiple integral with m integrations [34] , [35] , [6] , [8] , [9] .
The proof is given in [11] . Due to the determinant structure of the integrand, the integrals can be separated and computed for the special case = 
5.1.2.
The two point function of σ z . The two point functions can be obtained, as in the finite chain situation, from a generating function Q κ (m) ; in the thermodynamic limit, we use the following multiple integral representation [18] :
Here,
, (65) and the integrals over the variables z j are taken with respect to a closed contour which surrounds the point −iζ /2 and does not contain any other singularities of the integrand. The equation (64) is valid for the homogeneous XXZ chain with arbitrary −1 < < 1. If we consider the inhomogeneous XXZ model with inhomogeneities ξ 1 , . . . , ξ m , then one should replace in the representation (64) the function ϕ m in the following way:
In order to come back to the homogeneous case, one should set ξ k = −iζ /2, k = 1, . . . , m in (66). In the inhomogeneous model, the integration contour surrounds the points ξ 1 , . . . , ξ m , and the integrals over z j are therefore equal to the sum of the residues of the integrand in these simple poles. It turns out that again for the special case = 
Here the sum is taken with respect to all partitions of the set {ξ } into two disjoint subsets {ξ γ + } ∪ {ξ γ − } of cardinality n and m − n respectively. The first n lines and columns of the matrixˆ (n) are associated with the parameters ξ ∈ {ξ γ + }. The remaining lines and columns are associated with ξ ∈ {ξ γ − }.
Thus, we have obtained an explicit answer for the generating function Q κ (m) of the inhomogeneous XXZ model. It is also possible to check that the above sum over partitions remains indeed finite in the homogeneous limit ξ k → 0.
Asymptotic results.
An important issue is the analysis of the multiple integral representations of correlation functions for large distances. There it means analyzing asymptotic behavior of m-fold integrals for m large. An interesting example to study in this respect is provided by the emptiness formation probability. This correlation function reduces to a single elementary block. Moreover, we already described its exact value for an anisotropy = 1 2 in the previous section. In fact, it is possible to obtain the asymptotic behavior of τ (m) using the saddle-point method for arbitrary values of the anisotropy > −1 . This was performed for the first time in [12] in the case of free fermions ( = 0), but it can be applied to the general case as well. We present here the results in the massless and massive regimes [14] , [19] .
To apply the saddle-point method to the emptiness formation probability, it is convenient to express its integral representation in the following form:
with
In ( The main problem in the saddle point analysis is that, a priori, we do not know any asymptotic equivalent of the quantity G m (λ) when m → ∞. Nevertheless, in the case of zero magnetic field, it is still possible to compute the asymptotic behavior of (67) in the leading order, provided we make the following hypothesis: we assume that the integrand of (67) 
on the symmetric interval [− , ], and that, at the leading order in m, we can replace the sums over the set of parameters {λ } by integrals weighted with the density ρ s (λ ). First, it is easy to determine the maximum of the function S m ({λ}). Indeed, let {λ} be solution of the system
In the limit m → ∞, if we suppose again that the parametersλ 1 , . . . ,λ m become distributed according to a certain densityρ s (λ) and that sums over theλ j become integrals over this density, the system (71) turns again into a single integral equation forρ s , that can be solved explicitly in the case of zero magnetic field. It gives the maximum of S m ({λ}) when m → ∞ 2 .
The second step is to show that the factor G m ({λ}) gives always a negligible contribution compared to S m ({λ}) at this order in m, at least for any distribution of the variables λ j satisfying the previous hypothesis of regularity. We obtain lim m→∞ 1 m 2 log G m ({λ}) = 0
for any distribution of {λ} with good properties of regularity, in particular for the saddle point. This means that, at the main order in m, the factor G m ({λ}) does not contribute to the value of the maximum of the integrand.
Finally we obtain the following result concerning the asymptotic behaviour of τ (m) for m → ∞ (see [14] , [19] ): 
It coincides with the exact known results obtained in [46] , [12] at the free fermion point and in [45] , [13] at = 1/2, and is in agreement with the expected (infinite) value in the Ising limit. Similar techniques can be applied to the two point function. However, the result that has been extracted so far is only the absence of the gaussian term. Unfortunately, we do not know up to now how to extract the expected power law corrections to the gaussian behavior from this saddle point analysis. More powerful methods will certainly be needed to go further.
Conclusion and perspectives
In this article, we have reviewed recent results concerning the computation of correlation functions in the XXZ chain by the methods of the inverse scattering problem and the algebraic Bethe ansatz. In conclusion, we would like to discuss some perspectives and problems to be solved. One of the most interesting open problems is to prove the conformal field theory predictions [47] , [48] , [49] , [50] concerning the asymptotic behavior of the correlation functions. This is certainly a very important issue not only for physical applications but also from a theoretical view point. Moreover, it also would open the route towards the generalization of the methods presented here to quantum integrable models of field theory. We have seen that in particular cases, the multiple integral representations enable for a preliminary asymptotic analysis. Nevertheless, this problem remains one of the main challenges in the topics that have been described in this article.
A possible way to solve this problem would be to find the thermodynamic limit of the master equations (like the one obtained for the two point correlation functions). It is natural to expect that, in this limit, one should obtain a representation for these correlation functions in terms of a functional integral, which could eventually be estimated for large time and distance.
Note that the master equation shows a direct analytic relation between the multiple integral representations and the form factor expansions for the correlation functions. It seems likely that similar representations exist for other models solvable by algebraic Bethe ansatz. It would be in particular very interesting to obtain an analogue of this master equation in the case of the field theory models, which could provide an analytic link between short distance and long distance expansions of their correlation functions.
